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Abstract

Two invertible transformations of parameters and variables which connect
classical s/(2, C) Gaudin models with BC-type Gaudin models are proposed.
The explicit corresponding formulae of the Lax matrices and the r-matrix
relations are exhibited. As applications, we establish a relation of two kinds
of restricted Kaup—Newell flows, present the BC-type counterpart of the well
known restricted AKNS flow and obtain the Gaudin model corresponding to
the Hikami system.

PACS numbers: 58F07, 58F05, 34C35

1. Introduction

During the past decade there has been great progress in constructing finite-dimensional
integrable Hamiltonian systems (FDIHSs). The method of nonlinearization of the Lax pair
or the restricted flow technique [2, 6,7, 16,24] enables us to have obtained a large number of
FDIHSs or so-called the restricted flows from (1 + 1)-dimensional soliton equations. These
FDIHSs inherit many interesting integrable properties from soliton equations. For instance,
all of them possess Lax representations [3,23]. In the case of soliton equations connected
with 2 x 2 matrix spectral problems, there is a wide class of the resulting FDIHSs whose Lax
matrices are of the form [8,17,22,23,25]

n 1 P, —0?
LE) =4+ (Q’2’ " )EA+F M
=R S AN
where A is a traceless matrix whose entries may depend on the dynamical variables
Oi,...,0n, P1, ..., P, the parameters ¢y, . .., ¢, and the spectral parameter ¢. If the matrix

A is a constant matrix, this kind of integrable models are widely known as the Gaudin magnets
in the classical case, which have been extensively studied [4, 10, 13, 14,21]. In the general
case, integrable models determined by (1) are called reduced classical Gaudin models [12],
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868 W-X Ma and R Zhou

which will now be referred to as just Gaudin models. Apart from Gaudin models, there are
also a very limited number of other FDIHSs whose Lax matrices are of form [22,26,27]

Poy=dry (PP MG ) 2 gt e
=2 =a\ Apf —hgip;

where matrix A, whose entries~may depend on A, Aj,...,A, and dynamical variables
qis---s4qns P1s - - - Pn, and thus L(X) belong to the twisted loop algebra

sI2, C)[r, 271 = {X(A) e sl2,O)r A o XWNo = X(=A), 0 = <(1) _01)}

i.e. an element £(A) € s@,\@)[k, 27! has the form

o0
EM =) &N Eesl2,0)
1=—00
where &; is a multiple of the diagonal matrix diag(1, —1) if i is even and §; is off-diagonal if i
isodd. As A = 0, these kind of integrable models were first introduced by Hikami and called
as the classical BC-type Gaudin models or classical Gaudin models with boundary [11]. For
the sake of brevity, for the general matrix A, we will also call the integrable models determined
by (2) BC-type Gaudin models.

These two kinds of integrable models bear quite different features and apparently
there are no relations between them. Algebraically, Gaudin models relate to loop algebra
s1(2, C)[A, A~'], the semi-infinite Laurent series over s/(2, C), while BC-type Gaudin models
relate to the twisted loop algebra sl(/Z,\C)[A, A~ [1]. Since r-matrices correspond to special
factorizations of associated algebras, these two kinds of integrable models possess essentially
different r-matrices [18, 19]. This leads to the fact that integrating the former is easier than
integrating the latter [11,21,26].

However, in this paper we shall show that, through introducing new parameters and
dynamical variables, Gaudin models can be transformed into BC-type Gaudin models, and
vice versa. Our starting point is the Lax matrix and its r-matrix relation. As is well known,
the Lax matrix and its 7-matrix relation contain almost all the necessary information for a
FDIHS [5,20]. The integrals of the system may be derived from the Lax matrix and their
involutivity may be proved systematically with the help of r-matrix theory. In the next section,
we first show that there are a series of invertible transformations which can transform Lax
matrices of Gaudin models into those of BC-Gaudin models, and vice versa. Moreover, we also
show that if the original Lax matrices satisfy r-matrix relations then the resulting Lax matrices
also satisfy r-matrix relations. Thus, roughly speaking, we claim that Gaudin models can be
transformed into BC-type Gaudin models, and vice versa. In order to obtain explicit relations
between Gaudin models and BC-type Gaudin models, we make the basic assumption: suppose
the Hamiltonian system with Hamiltonian H associates with its Lax matrix L(u) satisfying an
r-matrix relation in the following way. Set

o0
det L(u) =Y Fju™/
J=ko
where u is a spectral parameter and kg is a certain integer. Then, according to the general theory
of r-matrix [5], Fy and F; are in involution for any k and j. We assume that the Hamiltonian
H is a smooth function of Fy,, ..., F,, up to a certain integer m. On this basis, we present two
transformations of parameters and dynamical variables, which not only transform the Gaudin
models (or Hamiltonian systems) into the BC-type Gaudin models, but also transform the
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Hamiltonian functions as well as the conserved integrals of the motion of Gaudin models to
that of the corresponding BC-type Gaudin models, and vice versa.

The results proposed here will allow us to generate new integrable Hamiltonian systems
and reveal connections between integrable Hamiltonian systems. In section 3, a relation
between two kinds of restricted Kaup—Newell flows is established, the BC-type counterpart
of the well known restricted Ablowitz—Kaup—Newell-Segur (AKNS) flow is derived and the
Gaudin model corresponding to the Hikami system is obtained. The paper closes with section 4,
where some problems are pointed out.

2. Main results

The aim of this section is to give two transformations of parameters and dynamical variables
which transform Gaudin models to BC-type Gaudin models and vice versa. Throughout this

paper, with the exception of the special illustration, we always consider Qy, ..., O, and
Py, ..., P, are an n-canonically conjugate variable pair, as are ¢, ...,q, and pi,..., P,
namely

{Qi, Pj} =0 {Q;, O} =1{P;, A} =0

{gi, pj} = &ij {gj» a1} =1{pj, P} =0 i,j,k=1,...,n.
Usually we use the vector notation: Q = (Qy,...,0.)", P = (P,...,P)T, q =
@qi,....qg)T,p = (p1,..., p,)T and use (-, -) to denote the standard inner product in R”.
Also we assume E = diag(¢y, ..., &), A = diag(hy, ..., A,), where ¢y, .. ., &, are n arbitrary
given distinct nonzero constants, and so are A, ..., A,.
We start from the classical Gaudin model with the Lax matrix
N 2
a b 1 Q;P; =05
L(c)=( )+Z ( ok . 3)
c —a j:lg_é‘j Pj —Qij
where a, b, c are some functions depending on the dynamical variables Qi,..., Q,,
Py, ..., P,, the parameters ¢y, ..., {, and the spectral parameter ¢.

Let us analyse a series of transformations for the Lax matrix L(¢) as follows. First, we
introduce the following new parameters and variables

A=V n=VG qi=2°0; pi=AiP; j=1,2,....n )
and the Lax matrix (3) becomes

5 n n. —\.g?
LY0 = ( _ba) + Azlkz ( o A"q’f') ®)
J

-1.2
=1 AjpPj —4;pj

o

withd =aot,b=bort,¢=cort, where

=

Tl A2 e A Q,-H,\qu Pi> A 'p; ji=12,...,n
and symbol o denotes the composition of functions, for instance
a=a, ¢, 8, Q1. O, P, ..., P)oT
:a(xz,)\f,...,xﬁ,qul,...,A,l{qn,xf%pl,...,A;%p,l).

Second, by multiplying L (1) with the parameter A we get

= - ra b L 1 rgip; —AAiq?
L<2>(A)=AL<‘>(A>=<A~ _A~)+§j 3 2( S 7). (6)
¢ a A _)\j )\)"j D —Ag;pj

j=1
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Finally, making the similarity transformation
s L A0
Loy =g WLP Mg g = ( 0 A;) )

thus we arrive at

8 Ad b - 1 Aqip; =k} )
L) = - _ o 7). (8
> <k20+ (A~'p, p) —M> ; 2 =2 < apt —raipr)

Since A arises in @, b, ¢ in terms of A% (k is an integer), we know that I:(A) €

sl(/2,\(C)[k, A~1]. Hence i(k) is of the form of the BC-type Gaudin model.
Now assume that the Lax matrix L(¢) satisfies an r-matrix relation [5, 9]

{L©) 2 LMW} = [r2(5, v), Li(©)]+[r21 (g, v), La(v)] ©))

where we have used the standard notation [9]: L(¢) = L) ® I, Lo(v) = I ® L(v) and
I is 2 x 2 unit matrix, v is an arbitrary parameter. We shall show that L()) also satisfies an
r-matrix relation. To this end, we consider the above transformations one by one.

First, since the parameters ¢, ¢, ..., {, in L(¢) are arbitrary and the change of variables

_1 1
a4;=%°Q;  pj=AP  j=12..n

is a canonical transformation, the first transformation (4) changes the r-matrix relation to
(L0 & LOw) = [ry 0 ), LT+ Ir) (s ), L ()] (10)

with the r-matrices ”1(;) (A, ) =rpp(g,v) ot and réi)()», w) =ry (g, v)ory.
Second, from the identity

{LPG) @ LP () = [rS (, w), LY 1+ [ry? (s ), LS (10)] (11)

with 3 (A, 1) = priy O, ), 157 (hy w) = A5y (. p), it follows that we know L@ (1)
satisfies an r-matrix relation.
Finally for the similarity transformation, a direct calculation shows that

(L) 9 L)} = [Fra(h, p), LiD] + [P (A, ), La ()] (12)
with

- 1. .
Fio(h, ) = Xdlag(l, Wy A, A (ri2(¢, v) o Ty)diag(Aw, A, p, 1)

- 1 . .
(A, ) = ;dlag(l, o A, A)(r21 (¢, v) o T)diag(Ap, A, p, 1).

This, together with the fact that all of these transformations are invertible, yields the
following proposition.

Proposition 1. There exist a series of invertible transformations which transform the Lax
matrix of the Gaudin model

_(a ©? ~_ 1 (0;p -0}
ot )R 8w

Jj=1

into the Lax matrix of the BC-type Gaudin model

~ ~ N 2
. Ad b 1 Agjpj  —Aiq; )
L) = - _ )+ J 14
* <A20+(A 'p.p) —Aa) ;)\2—,\5 < apt —rgppr) P
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and vice versa. Furthermore, if the Lax matrix L(¢) satisfies an r-matrix relation

{L©) 2 L)} =[r12(,v), Li(D)] +[r21(¢, v), L2(v)] (15)
then L()) satisfies the following r-matrix relation:

(L) 8 Lo} = [FaG, ), L]+ [P (4, ), La()] (16)
with

. I .

Fra(h, p) = —diag(l, . A, Ap)(ria(¢, v) o Ti)diag(hpe, 1, i, 1)

- L. .

ra(h, ) = ;dlag(l, Mo Ay App)(r21 (&, v) o Ty)diag(Ap, A, w, 1).
Remarks. It is not difficult to find that the connection between L(}) = L
()\'7)\'19~--1)"nvq17"'7qnvp1ﬂ"'7pn)andL(€) :L(g’glvn'ﬂ;nv Q11-~-7 anP17-~-7Pn)
can be simply expressed as

~ 1 0 A0

L(A)-(O A)(L(z>on>(0 1) a7
and

(1 0N\, . (20

where 7, is defined by

(SIS

- 1 _1 1 .
Tll)»f—>€2 )"j'_)gj qu—>§j4Qj pjf—>§j4Pj ]:1,2,...,71.

So far, we have shown how to transform a Lax pair of the Gaudin model into that of
the BC-type Gaudin model. In what follows, we shall show that, through introducing new
parameters and dynamical variables, we can directly transform Gaudin models into BC-type
models. For this purpose, we first recall the construction of Hamiltonian systems from the Lax
matrix satisfying an »-matrix. Suppose we have an integrable Gaudin model which has a Lax
matrix L(¢) and the Lax matrix satisfies an 7-matrix relation. Furthermore let

o0
det L(¢) = Z Fic™
J=ko
where kg is certain integer. Then, by the hypothesis described in section 1, we choose the
Hamiltonian function H to be a smooth function of Fj, ..., F,, up to a certain integer m.
Thus all F;’s are the integrals of motion of the Hamiltonian flows with Hamiltonian H.
From (14), it is easy to see that

- xa b ’ 1 rgipi  —\ig?

Loy = (W _M> + ; ey (ngﬁf _g}fgj) (19)
thus

det L(A) = A>(det L(¢) o 7).
When expanding detL (1) in terms of 2~!, we have

o0
det L(L) = Z Fip %2
Jj=ko



872 W-X Ma and R Zhou

where
Fi=Fjom (20)
and the map 1 is defined by

1

1 1
‘Kz:g'jl—>)\.§ Qj'_))"lij PjH)"jzpj ]:1,,n
Thg above~proposition tells us that i(k) satisfies an r-matrix relation and thus, for any j
and k, F; and Fj are still in involution. We may get the corresponding BC-type Gaudin model
with Hamiltonian

I:IZHO‘Q.

Hence, H is also a smooth function of Fko, el Fm. This Hamiltonian system has a Lax matrix
L () and has conserved integrals of motion F;'s.

Theorem 1. 7, fransforms any Gaudin models determined by L({) to their BC-type
counterparts determined by L(A).

Up to now, we have given a recipe to transform Gaudin models into BC-type Gaudin
models. On the other hand, we notice the positions of Q;, P;, (j = 1,2, ...) are equal if we
replace the first transformation with

1

— 1
731 ¢ A7 L —> A Q1 'q; P> Alp; j=12,....n

consequently, we get
. v n 1.2
L(z)(k) _ Mf )va +Z 1 )\,C]jpj —)\)\.j qj (21)
AC  —Aa 2 =22 \aajp; —aqip;

whereZz=aot3,5=bot3,5=cor3.
Furthermore, by replacing the similarity transformation with

Ly =gWLPMg™' ) (22)
we arrive at
N 2
A —2:q°
PG = <Aa Ab — _1; qq) (q,p, j4; ) (23)
¢ a = Aip; —Aqipj

Again, L (1) is of the form of the BC-type Gaudin model. In addition, we can prove that if the
Lax matrix L(¢) satisfies an r-matrix relation (9) then L () satisfies the following r-matrix
relation

(L) € L(w) = [Fa(h, 1), i1+ [Far (h, ), La ()] (24)
with

. 1. .
Fro(h, ) = xdlag()»ﬂ, Ay, 1)(r12(8, v) o T3)diag(1, w, A, Ap)

y 1. .
(A, u) = ;dlag(ku, A, i, 1)(r21(¢, v) o t3)diag(l, w, A, Au).
In a completely analogy analysis, we can show the following theorem.

Theorem 2. 1 defined by

_ 1
r4:§j|—>)\§ Q> A;%q; P 1ip; j=1,...,n

transforms Gaudin models into their BC-type counterparts determined by L.
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3. Applications

3.1. Relations between two kinds of the restricted Kaup—Newell flows
In [7], starting from the spectral problem
Ui _ (¢ Cu) (¥
V2 ), voo¢ ¥
the following FDIHS was obtained
Q.= -EQ-(Q QEP= "

where the Hamiltonian H is
H =—(EQ. P) - ;(Q.Q)(EP, P).
This Hamiltonian system allows a Lax representation
L, =1[U,L]
with

_l(-1-(Q.P) 0 -1 (Q.in —Q?>
L(;)—§< P, P) 1+(Q,P)>+Z§—§~ P} —Q;P;

Jj=1

and

(EP, P) ¢
We can check that the Lax matrix (28) satisfies the r-matrix relation (9) with
00 0 O
210 1 -1 0
rlz(é',v)—mp+; 00 1 0
00 0 O

(¢, v) = =Prip(v, {)P
where P is the standard permutation matrix [9]
1 0 0O
0 010
01 0O
0 0 0 1

P=

(25)

(26)

27)

(28)

Therefore the Hamiltonian system (26) is a Gaudin model and det L({) is a generating

function of its integrals of motion.
Writing down

det L(¢) =Y Fjg /™2
j=0
then we have
Fy=-1
Fi =-2H
F; =2(E/Q,P)(1+(Q. P)) — (P, P)(E'Q. Q)

L | (P, P) (2kQ, P)
2;: 27°Q.P) (E/7Q.Q)
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It has been shown that Fy, ..., F, are n independent conserved integrals of motion of (26).
Since H = —%F 1, the Hamiltonian system (26) is completely integrable.
Following (14), we get the Lax matrix
- 1[/-1- 2 1 ripi  —riq*
L()»):—( e O >+Z . 2( 9iPi - TR ) (29)
A ta.p)) 2=\ Ap; —hqp;
By theorem 1, we know that the Lax matrix (29) satisfies the r-matrix relation (16) with
uw 0 0 O 0 0 0 O
- 0 0 A O 210 1 0 0
=750 2 0 o ulo o 10 (30)
0 0 0 wu 0 0 0O
Fa1(h, ) = —Prp(p, A)P. (31

From (29) it follows that
~ ©0 .
det L()) = Z Fj).7272

with

Fy=—1

Fi =2(A’q, p) + (Aq. q)(Ap, p)

F; =2(A%q,p)(1+(q.p)) — <A*‘p, p)(AY"'p, p)

XJ: A2k+1 <1.\2kq, p> S
k=

Azj 2kq p <A2/72k71p’ p) J
Choosing the Hamiltonian as H = —%I:"l, we arrive at the following Gaudin-type
integrable Hamiltonian system:

5 dH
% =—Aq-(Ag.q)Ap=—~
P (32)
) oH
px = (Ap,p)Aq+ A'p= ~a
q
which enjoys a Lax representation
L,=[0.L] (33)
where
7 - —(AQ, Q)2
U= ((AP, P)x A2 : (34)
The Hamiltonian system (32) has » independent conserved integrals of motion F, ..., F,. It

is not difficult to see that 7, maps the Hamiltonian system (26)—(32).
We notice that this Hamiltonian system can be obtained from another Kaup—Newell
spectral problem

i) _ (=2 e\ (¥
(wz AL PHIRPEY AR G
through nonlinearization of the spectral problem. In [22] Zeng and Hietarinta have studied

nonlinearization of this spectral problem and obtained an FDIHS which is slightly different
from (32).
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3.2. The BC-type counterpart of the restricted AKNS flows

The well known restricted AKNS flow is [7]
Q. =-EP—(Q,Q)P

(36)
P, = (P,P)Q+EP
which can be put into a Hamiltonian system
oH oH
Q=>5 P=-—>
apP Q
with the Hamiltonian
H = —(EQ, P)— 3(P,P)(Q.Q).
It allows a Lax representation
Ly(¢)=[U,L(©)]
where
N 2
1 Q;P;, -0
L) = ( >+ ( 7 . ) (37)
; t—¢ \ Pl —Q;P
and

v= ((P, P) ¢ )

Therefore it is a Gaudin model. We can check that the Lax matrix L(¢) satisfies the r-matrix
relation (9) with

1
V12(§,V)=§TUP (g, v) = —=Prp, o) P.

Hence, det L(¢) is a generating function of integrals of motion of (36). Writing down
o0
det L(¢) = Y Fiz™
j=0

we have
Fp=-1
F

F;=2(E/7'Q, P) + Z

In particular [15]
1 1 2
H = EF 2+ §F 1-
Now let us turn to construct its BC-type counterpart. The transformation 1, transforms
the restricted AKNS flow (36) into the following finite-dimensional Hamiltonian system:

I
’[\
Q
3
6
L3

z* (E°Q. P)

5 . oH

g =—ANq—(Aq, ) A" 'p= .
= (AT'p.p)Ag+ APp=———
dq

with the Hamiltonian
H=Hon=—(Aqp)— A 'p.p)g q)
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This Hamiltonian system enjoys the following Lax representation:
L,=10.1]

where

N 2
~ —A 0 1 Apiqi  —Aiq;
L& ( - A>+Z 2 2( AJZ] - jAj4

(A™'p,p) S22\ Ap; —hg;p;

J
~ _( =2 —lq qw)
v= ((p, p)A A2 '

Therefore, Hamiltonian system (38) is a BC-type Gaudin model.
By theorem 1 or by a direct check, we know that the Lax matrix L()) satisfies the r-matrix
relation (16) with

and

w0 0 0 000 0
PG — 2 00 0|, 2[0010
et m="5"310 » 0 o] xlo 0o 0 o
00 0 u 000 0

(A, u) = —Prip(u, M) P.

Thus det L(}) is a generating function of the integrals of motion of (38). Writing down

o0
72 oy 2(1—j
det L (x)=§ F;p20=0)
—

we have
Fy=—1
Fi =2(p, q)
F2 = 2<A2pa q) + <A71p7 p> (Aqv q> - <p7 q>2
i=2 2k+1 2k
S a2 (A*lq.q)  (A%q.p) .
F; =2(A"""p, q)+k2_(;'(A2j—2kq’p> (A2~2%=1p p) j>2
It is easy to see that
H=1FK+1F}
and F, ..., F, are n independent conserved integrals of (38). Hamiltonian system (38) is a

new completely integrable system.

3.3. The Gaudin model corresponding to the Hikami system

In this subsection, we shall derive the classical Gaudin model corresponding to the Hikami

system. Also we shall show that our recipe can be applicable to not only the free Hamiltonian

systems but also the Hamiltonian systems with constraints (or the so-called Neumann type

Hamiltonian systems) to deduce the corresponding Gaudin model or BC-type Gaudin model.
Consider the simplest BC-type Gaudin model introduced by Hikami in [11]

i Noo1 o (agip —Aiq? ) (A(x) B(L) )
L) = JEJ i )= . - . 39
* ; 22— 33 ( Aip;  —Aq;p; Ch)y —A®) 59
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Hikami showed that this Lax matrix satisfies an r-matrix relation (9) in R” with

L 0 0 0
- 0O 0 A~ O - -
(A, u) = 0 A 0 0 Fa1(A, ) = —Prip(u, A)P.

2 _ )2
0 0 0 u

Therefore, according to the general theory of r-matrices, L()) generates a BC-type Gaudin
model. On the other hand, in [27] we have proved that on the symplectic submanifold M of
RZn

M ={(q.p) e R™|F = (Ap.p) —1=0,G = (q.p) + 3 =0}
under the Dirac bracket:

{f.gtp =1/ g} +3Uf FMg, G} — {f. G}g, F})

the Lax matrix (39) also admits the r-matrix representation
(L) 8 Luotp = [FHO, w), LI+ [73 (h, w), La(w)]

with
w 0 0 0
. 0 0 A O =
rlDz(x,u)zTAZ 0 a0 o |t2Si+22s
00 0 u
FA (A, ) = —PiB(u, M P
where ~
0010 00 0 B(p)
00 00 = |00 —Cck o
Si=10 0 0 0 $2=10 o 0 0 (40)
00 00 0 0 0 0

Consequently, L()) may generate integrable Hamiltonian systems on M, for example [27],
4. = A’q — ((A°p, p) +2(A°q, p))q + 2(Aq, q) Ap

px = —A’p —2Aq+ ((A’p, p) +2(A°q, p))p 1)
(Ap,p) =1 (g.p) =—3

or in a Hamiltonian form
i ={q;. H}p
pjx=1{p;. Hip (42)
(Ap,p) =1 (g.p)=—1

where the Hamiltonian is

H=—(A%q,p) — 3(A™'p, p)(Aq. q).
Denoting

[e o]
det L(A) =Y Fja 22

then we get

% 1
FO:_Z

Fi=H
J

Fy = —(A7'p. p)(AYq, (A*q.q)  (Aa.p)

(A27q,p) (AY7Hp p)
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where Fy, ..., F,_jaren — 1 independent integrals of motion of (41) on submanifold M.
Now carrying out the inverse transformation procedures or by (18), we get a Lax matrix
of the Gaudin models

_ 0 0}, v | Q;P; —Q?)
L“)‘(—%<P,P> 0)*,21;—:]»( [

_ (A(@) B() ) .
ci) —AQ©)
In R”, the Lax matrix (43) satisfies the r-matrix relation (9) with
0 00

2 2
(g, v)=——P—=S§ S =
v v

43
= (43)

(=R
(=N}

0 0
0 0
0 0
On the submanifold M defined by

M={Q,P)cR"|(P,P)~1=0,(Q,P)+3 =0}
The Lax matrix (43) satisfies the r-matrix relation

(L&) ® L0 = [r (. v), Li©)]+[r31 (5, v), Law)]
with

D 2 2
r12(§,V)=—v P—;S+ZS1+2§SQ

rh,v) = —Prbw, o)P
where § and S; are defined in (40) and (43) respectively, and
0 0 0 B(v)
0 0 —C© 0
0 0 0 0
0 0 0 0

Corresponding to the Hamiltonian system (41), we get a new Hamiltonian system (a Gaudin
model)

S, =

Q. = EQ - ((E’P, P)+2(EQ. P))Q +2(Q. Q)EP
P, = —:P—2Q+((82P, P)+2(EQ, P))P 44)
(EP,P)=1 (Q.P)=—3

or in Hamiltonian form

Qjx=1{0;,H}p
Pj.=—{P;,H}p “3)
(EP,P)=1 (Q.P)=—3

where the Hamiltonian H is
H=(EQ,P)+(Q.Q).

This Hamiltonian system allows the following Lax representation:
L.(¢)=[U, L]

where

U= (¢ — ((8°P, P) +2(EQ, P)) 2(Q. Q)¢ )
- -2 —¢+ (8P, P)+2(EQ, P) )"
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The fact that L(¢) satisfies an r-matrix together with

det L(7) = ZFJ(H

j=0
where

Fo=-1 Fi=H

J Hk =k
(= Q. Q) (E"Q, P) . (40)
L — J ] >

Fj ( > QQ +Z r—~j kQ P) (Ej*kP’P> ]/2

shows that F, ..., F,,_| are n — 1 conserved integrals of motion of (44). Moreover, they are

functionally independent on M. Therefore (44) is a new completely integrable Hamiltonian
system.

4. Conclusions and discussions

In summary, we have given two recipes to transform Gaudin models related to s1(2, C)[, A1

to BC-type Gaudin models related to the twisted loop algebra sm) [A, 27", and vice versa.
The corresponding formulae of Lax matrices and r-matrix relations have also been obtained.
The recipes can not only be applied to free Hamiltonian systems but also can be applied to
Hamiltonian systems with constraints. They provide an effective approach to construct new
BC-type Gaudin models from Gaudin models. One natural and interesting problem is whether
there exist other kinds of ‘Gaudin models’? If so, what are the relations to the two kinds of
integrable models discussed here? Another interesting problem is to consider the quantum
integrable case.
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